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Spatial and space–time correlations in ecological models
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Abstract

Space–time autoregressive moving average (STARMA) processes can be used to represent a wide range of
theoretical models of ecological variation and statistical models for analyzing ecological data. Many discrete-time,
discrete-space ecological processes can be analyzed using STARMA theorems. As an example, one focus is on
population genetic models, and using STARMA we obtain not only the usual spatial variance and correlations, but
also the space–time correlations. Examples show how this allows one to characterize general space–time population
genetic processes in a new and more detailed way. STARMA processes include migration-drift models with general
patterns of migration among populations. They also include processes with features that are more realistic for many
natural population systems, including various forms of stochastic migration. The space–time correlations are
particularly important because they allow us to connect data to theoretical processes, and they can be used for
estimating migration rates, model-fitting, testing, and forecasting the future behavior of real systems. The space–time
correlations also specify the relationship between spatial correlations at different spatial distances, thus bridging gaps
between observations on spatial correlations and inferences about dispersal and selection, and other aspects of the
underlying space–time process. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the Congress address of the opening cere-
mony of the 1994 INTECOL Congress, Dr John
Lawton emphasized the urgency and vitalness of
modeling the propagation of small-scale ecologi-
cal processes over time into large-scale spatial
patterns. Most ecological variables fit the First
Law of Geography: everything is related to every-
thing else, but near things are more related than
are distant things (for example, Tobler, 1972).
This implies spatial autocorrelation: ecological

variables are rarely, if ever, randomly distributed
in space. For several decades, statistical geogra-
phers have pointed out that space–time models
(i.e. dynamic spatial models) are required to un-
derstand spatial patterns. This is particularly true
for variables such as those in ecology, where
ecological traits at nearby locations interact over
time and not ‘instantaneously’ (as can occur in
electrical fields, for example). In such cases, purely
spatial models or analyses fail (for example, Hain-
ing, 1977, 1978, 1979). In this paper, we examine
models that connect geographic or spatial pat-
terns to space–time processes. The focus is on
ecological genetics; however, some considerations* Tel.: +1-517-355-9597; fax: +1-517-432-1143.
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of general ecological variables are examined. As
an example of the general methods, the high levels
of spatial autocorrelations expected in geographic
genetic distributions are used to estimate dispersal
of individuals as a demographic component of
ecological processes, using the information con-
tent in genetic variation. The models used are
stochastic spatial time series (space–time autore-
gressive moving average (STARMA)), which are
appropriate for studying many theoretical ecologi-
cal processes (for example, Cliff and Ord, 1975,
1981; Ord, 1979). STARMA can be used to model
and to estimate many types of interactions be-
tween locations via spatial proximity, and through
time, in a way that properly accounts for spatial
autocorrelations in real systems.

2. STARMA models of theoretical processes

In all of the processes, analyzed sites either are,
or can be treated as, discrete areas, and their
locations are in some sense regularly spaced (i.e.
there is a well defined support; Hooper and Hew-
ings, 1981). In general, there may be boundaries
to the system of sites but, for notational conve-
nience, we will here assume that the interactions
among sites depend only on their relative loca-
tions, usually in terms of spatial order of proxim-
ity (i.e. the ‘spatial’ order on the support). Let zx,t

denote the value of some ecological variable at a
site whose location is defined by spatial coordi-
nates in the vector x, at generation t. Then, the
general STARMA model has the stochastic
equation:

zx,t= %
m

s=1

%
b

fb,szx+b,t−s− %
n

s=1

%
b

ub,scx+b,t−s+ax,t

(1)

The spatial summations in this equation are
over all k coordinates contained in vectors b,
including 0. It is further assumed that there are
finite numbers of sites that contribute interaction
influences to any particular site. Thus, the sum-
mations are taken over a certain range of spatial
lags for each spatial dimension k (i.e. bk ranges
from − l1k to l2k). It is convenient to separate
shared (cx,t) from unshared (ax,t) stochastic inputs

(Epperson, 1993a, 1994). The expected values,
Ezx,t, Ecx,t, and Eax,t are zero; all cx,t and ax,t have
equal variances, s c

2 and sa
2, respectively; and all

Ecx,t ·cx+b,t−s=0 and Eax,t ·ax+b,t−s=0 unless
b=0 and s=0, and Eax,t ·cx+b,t−s=0 for all b
and s (Aroian, 1985). Note that this assumes the
interactions are constant over the time of the
process. However, the strength of interactions of
past variables with different time lags may vary.
The temporal order of the autoregressive compo-
nent is m and that of the moving average compo-
nent is n. Note that the temporal summations
start from 1, and that instantaneous interactions
are not possible. We have also assumed here that
the variables have been mean adjusted and/or
trend adjusted. Considerable results can be ex-
pressed for this general model, including identifi-
cation of the partial space–time correlation
function. However, in this paper, we will discuss
in detail only systems that are Markovian in the
sense that there are no time-lagged effects, and
thus any time period depends only on the preced-
ing time period. In this case, the stochastic equa-
tion simplifies to:

zx,t=%
b

fbzx+b,t−1−%
b

ubcx+b,t−1+ax,t (2)

Here, we will consider, in detail, cases in which
the relative strengths of shared stochastic inputs
are the same as the autoregressive components,
i.e. −fb=ub. Then, for such processes:

zx,t=%
b

fbzx+b,t−1+%
b

fbcx+b,t−k+ax,t (3)

It is important to note that the autoregressive
component represented by the first term includes
the expected or deterministic effects of values of
the variable on communicating or interacting
variables. The second term represents any of a
wide variety of ‘moving average’ stochastic effects
that are directly shared by multiple locations dur-
ing a single time period, and due to their spatial
proximity. The final term is an independent
stochastic input that directly affects only one site
during one time period, although it may consti-
tute a summation of various direct stochastic
inputs (Epperson, 1994).
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In the case where there are no shared stochastic
inputs, the equation simplifies further to:

sx,t+1=%
b

fbzx+b,t+ax,t+1 (4)

This is a simplified STARMA process known as a
space–time autoregressive (STAR) process (Ep-
person, 1993b), which in this case has temporal
order one.

In general, unshared stochastic inputs increase
the variance of the ecological variable, z, among
sites, but do not change the pattern of spatial and
space–time correlations; whereas shared stochas-
tic inputs typically will induce different spatial
and space–time correlations (Epperson, 1994).

In some situations, we may wish to consider
only the short-term dynamics, which is straight-
forward. However, we may also want to charac-
terize the stationary distributions in great detail.
If temporal stationarity occurs, then the space–
time covariances (gb,n) and correlations (pb,n), as
well as the purely spatial covariances (gb,0) and
correlations (pb,0), are defined in terms of the
spatial (b) and temporal (n) lags separating pairs
of site variables in space and time (Hooper and
Hewings, 1981). Thus, gb,n=E(zx,tzx−b,t−n) for
n=0,� and, for all spatial lag vectors b, pb,n=
gb,n/s z

2, where s z
2=E(zx,t

2 ) for all x and t.
Introducing the backshift operator allows

derivation of general conditions for stationarity,
and results on correlations. Bt is the backshift
operator in time, and Bi is the backshift operator
in the negative (‘backward’) direction for each
spatial dimension xi. Thus:

zx−b,t−n=B1
b1B2

b2 … Bt
nzx,t (5)

where b= (b1, b2, …, bk). For the restricted case
of temporal order one, Eq. (2) becomes:

zx,t=%
b

fbB1
−b1 … Bk

−bkBtzx,t

−%
b

ubB1
−b1 … Bk

−bkBtcx,t+ax,t (6)

If we let

F(Bx,Bt)=1−%
b

fbB1
−b1B2

−b2 … Bk
−bkBt

U(Bx,Bt)=1−%
b

ubB1
−b1B2

−b2 … Bk
−bkBt

then

F(Bx,Bt)zx,t=U(Bx,Bt)cx,t+ax,t (7)

In the case where the relative strengths of
shared interactions are generally equal to those
for deterministic (expected value) terms, Eq. (3)
can be re-written:�

1−%
b

fbBx
−bBt

�
zx,t=

� %
b"0

fbBx
−bBt

�
cx,t+ax,t

(8)

F(Bx,Bt)zx,t= [−F(Bx,Bt)−f0Bx
0Bt+1]cx,t+ax,t

The function F−1(Bx,Bt) (Epperson, 1993a) can
be written

F(Bx,Bt)−1= %
�

d=0

�%
b

fbBx
−b�d

Bt
d (9)

Thus,

zx,t= [−1−F−1(Bx,Bt)f0Bt+F−1(Bx,Bt)]cx,t

+F−1(Bx,Bt)ax,t

=
�

−1−f0Bt %
�

d=0

�%
b

fbBx
−b�d

Bt
d

+ %
�

d=0

�%
b

fbBx
−b�d

Bt
dncx,t

+ %
�

d=0

�%
b

fbBx
−b�d

Bt
dax,t

=
�

−f0 %
�

d=0

�%
b

fbBx
−b�d

Bt
d+1

+ %
�

d=1

�%
b

fbBx
−b�d

Bt
dncx,t

+ %
�

d=0

�%
b

fbBx
−b�d

Bt
dax,t (10)

Another expression can be found using Eq. (8)
directly, giving:

zx,t=F−1(Bx,Bt)
� %

b"0
fbBx

−bBt

�
cx,t

+F−1(Bx,Bt)ax,t (11)

Stationarity for STARMA models depends
only on the form of the autoregressive (AR)
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terms, not the moving average (MA) terms. Sta-
tionarity for the restricted models requires that
the inverse of F(Bx,Bt), F−1(Bx,Bt), converges for
�Bt �51 and all �Bi �51 (Taneja and Aroian, 1980).
A sufficient but not necessary set of conditions for
convergence of F−1(Bx,Bt) is the situation where
all of the fb are of the same sign, a finite number
of them are nonzero, and �Sfb�B1 (Epperson,
1993a). Thus, the models of shared stochastic
effects are generally stationary if the correspond-
ing models with only AR terms are stationary.

Stationarity conditions have a number of impli-
cations for applicability of STARMA to ecologi-
cal processes in general. Models are much simpler
if the interaction parameters (or some transforma-
tion of them, e.g. in time or in form) can be
treated as approximately constant. However, if
parameters change in a cyclic fashion, then
modified STARMA models can be used
(STARIMA). If parameters change in some sys-
tematic manner, then a multi-temporal lag
STARMA model would be appropriate, and it
could be stationary under some conditions
(Pfeifer and Deutsch, 1980b).

Invertibility requires similar conditions for con-
vergence of u−1(Bx,Bt), which in the present mod-
els is F−1(Bx,Bt)(SfbBx

−bBt), which has the same
convergence properties as does F−1(Bx,Bt). If a
STARMA process is both invertible and station-
ary, then:

ax,t=F(Bx,Bt)u−1(Bx,Bt)zx,t (12)

zx,t=u(Bx,Bt)F−1(Bx,Bt)ax,t (13)

Thus, these processes can be expressed as infinite
STAR processes, but we are more interested in
expressing them as ‘infinite’ parameter space–time
moving average (STMA) processes (Eq. (13)). In
general, the generating function, C(Bx,Bt), can be
used to obtain the coefficients for individual mov-
ing average inputs, cb,n, for different spatial, b,
and temporal lags n of the infinite STMA repre-
sentation of the process. The form of C(Bx,Bt)
can be found through long division of u(Bx,Bt) by
F(Bx,Bt) (Taneja and Aroian, 1980; Hooper and
Hewings, 1981). The cb,n can be used to find the
variance and the spatial and space–time correla-
tions, using Theorem 4.9 of Aroian (1985):

s z
2=sa

2%
x

%
�

k=0

cx,k
2 (14)

Pb,n=
%
x

%
�

k=0

cx,kcx+b,k+n

%
x

%
�

k=0

cx,k
2

(15)

Here, the summation limits are infinite in each
spatial direction and in time. Finite spatial and
temporal limits on the sums provide close approx-
imations of s z

2 and pb,n, because the cb,n rapidly
approach zero as k�� or as the spatial lag in
any dimension goes to infinity.

Other equations can be obtained that give rela-
tionships between different space–time correla-
tions, from the autocovariance generating
function (Aroian, 1985), or by multiplying Eq. (3)
by zx+b,t−k and taking expectations.

2.1. Demographic ecological genetic models

In population genetic models, the ecological
variable is some genetic attribute and, for simplic-
ity, we assume the variable zx,t denotes the fre-
quency of a gene in each population defined by
spatial coordinates in the vector x, at generation t,
in the adults, after genetic drift, but before migra-
tion. Each population contains N individuals.
From each population, a group of emigrants may
be chosen in various ways, depending on the
model. The events that govern the genetic make-
up of these groups determine the nature of the
moving average terms (Epperson, 1994).

Each migrant group will move to different pop-
ulations at vector locations x−b each located at
different spatial lags contained in the vector b
from x, where they will form a proportion fb of
the juveniles. (The fb are taken to be migration
rates, and they are assumed to be constants.)
These groups, and another proportion, m�, con-
trolled by an ‘outside systematic pressure’ (Malé-
cot, 1973, 1975), and the remainder from the
resident contributions, and finally genetic drift
acting within each population, form the gene fre-
quencies in the next adult generation, zx,t+1.
Here, we will consider only the cases in which the
temporal order is one. Then the general equations
for the processes considered in this paper have a
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deterministic (AR) part (expected values) of the
form:

E(zx,t+1)

=
�

1− %
b"0

fb−m�
�

zx,t+m�z�+ %
b"0

fbzx+b,t

(16)

Letting

f0=1− %
b"0

fb−m�

we have the stochastic equation

zx,t+1=m�z�+ %
b"0

fbzx+b,t+ %
b"0

fbcx+b,t

+ax,t+1 (17)

The first two terms (the deterministic compo-
nents), together with the last term, constituted
essentially all previous population genetic models,
which had deterministic gene frequencies in mi-
grant groups, until the models of Epperson
(1994). It has been shown that the inverse,
F−1(Bx,Bt), essentially always converges as a di-
rect result of the population biological meaning of
the migration parameters, i.e. all of the fb are
non-negative, and a finite number of them are
nonzero, if m�\0 (Epperson, 1993b). Thus, the
models of shared stochastic migration effects are
generally stationary.

For the present processes of interest, we have

zx,t=F−1(Bx,Bt)
� %

b"0
fbBx

−bBt
�

cx,t

+F−1(Bx,Bt)ax,t (18)

Note that zx,t is the sum of two infinite moving
average processes cb,n

(c) and cb,n
(a). For example,

cb,0
(c) =0 for all b (including 0), c06 ,0

(a) =1, and
cb,0

(a) =0 for b"0. Examining for each temporal
lag n in the first expression, for which in finding
cb,n

(c) , the first term is set to d=n, and for the
second term, d=n−1, we see that for n\0,
cb,n

(c) =cb,n
(a) −f0cb,n−1

(a) . Thus, for example, cb,1
(c) =

fb for b"0, and c0,1
(c) =0. The second expression

gives

cn,k
(c) = %

b"0
fbcn−b,k−1

(a)

These relationships provide convenient ways to
compute the cb,n

(c) from the cb,n
(a), which can be

found from STAR analogues. Considering the
variance, and spatial and space–time correlations,
when calculating E(zx,tzx− l,t−m), the expected val-
ues of the crossproducts between all cx,t and all
ax,t are zero. Thus,

pb,n=
�

s c
2%%cn,k

(c) cn+b,k+n
(c)

+sa
2%%cn,k

(a)cn+b,k+n
(a) �

+
�

s c
2%%cn,k

2(c)+sa
2%%cn,k

2(a)� (19)

and,

s z
2=

�
s c

2%%cn,k
2(c)+sa

2%%cn,k
2(a)� (20)

Thus, there is always an increase in the variance
of zx,t over the corresponding STAR process. It is
convenient to partition Eq. (17) into two separate
processes, one without ax,t and one without cx,t.
The infinite moving average coefficients for each
process can be obtained from the Eq. (17), by
omitting terms of ax,t and cx,t, respectively. Where
N is very large and s c

2�1/8NSfb, ax,t may be
omitted. Where ax,t dominates, the process is a
STAR process. The space–time covariances and
variances of these separate processes are defined
as s z

(c)2=s c
2SScn,k

(c)2, g1,m
(c) =s c

2SScn,k
(c) cn+1,k+m

(c) ,
and s z

(a)2=sa
2SScn,k

(a)2, g1,m
(a) =sa

2SScn,k
(a)cn+1,k+m

(a) .
Defining similarly the separate correlations by
simply dividing the covariances by the variances,
Eq. (19) becomes:

p1,m=
s z

(c)2p1,m
(c) +s z

(a)2p1,m
(a)

s z
(c)2+s z

(a)2 (21)

It is also possible to obtain s z
(c)2 from s z

(a)2 and
g1,m

(a) or p1,m
(a) by substituting cn,k

(a) −f0cn,k−1
(a) for

cn,k
(c) , giving s z

(c)2=s z
2SS(cn,k

(a) −fncn,k+1
(a) )2. Ex-

panding the binomial, considering the summation
limits (which go from k=1 to infinity), we have

s z
2(c)

s c
2 = (1+f0

2−2f0p0,1
(a))

s z
2(a)

sa
2 −1.0 (22)

In addition, substitutions can be used to relate
g1,m

(c) and p1,m
(c) to terms of (s z

(a)2/sa
2), fb, and p1,m

(a) .
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2.2. An example

For models with lone spatial dimension, and
with migration occurring only between strictly
nearest-neighboring populations, the process
equations can be written, in terms of backshift
operators, as:�

1− %
b=1

b= −1

fbBx
−bBt

�
zx,t

= (f−1Bx
1Bt+f1Bx

−1Bt)cx,t+ax,t (23)

and,

zx,t=F−1(Bx,Bt)(f−1BxBt+f1Bx
−1Bt)cx,t

+F−1(Bx,Bt)ax,t

or,

zx,t=F−1(Bx,Bt)[−F(Bx,Bt)−f0Bx
0Bt+1]cx,t

+F−1(Bx,Bt)ax,t

where

F−1(Bx,Bt)= %
�

d=0

(f0+f−1Bx
1 +f1Bx

−1)dBt
d

(24)

Alternatively,

zx,t=
� %
�

d=1

(f0+f−1Bx
1 +f1Bx

−1)dBt
d

−f0 %
�

d=1

(f0+f−1Bx
1 +f1Bx

−1)dBt
dncx,t

+
� %
�

d=1

(f0+f−1Bx
1 +f1Bx

−1)dBt
dnax,t

(25)

The moving average coefficients for the separate
(partial) infinite STMA process for the ax,t, i.e.
cn,k

(a) , are those of the corresponding STAR pro-
cess with the same migration pattern, whose co-
efficients can be found using simple iterative
computations (Epperson, 1993b). To find the MA
coefficients, cn,k

(c) , for cx,t, first set k (for k\0) and
find the trinomial coefficients for which n=s−u,
where s and u are the powers of Bx

1 and Bx
−1,

respectively, in the expression (fb+f−1Bx
1 +

f1Bx
−1)k−f0(fb+f−1Bx

1 +f1Bx
−1)k−1. Conve-

niently, the cn,k
(c) can also be found from the cn,k

(a) .

Thus, cn,k
(c) =cn,k

(a) +f0cn,k−1
(a) . In addition, cn,k

(c) =
f1cn+1,k−1

(a) +f−1cn−1,k−1
(a) .

3. Some results for basic stationary processes

STARMA models give the entire space–time
correlation structures for very general patterns of
interactions via spatial proximity, and the power
of the space–time correlations (in addition to the
usual spatial correlations) in describing theoretical
and real system is difficult to overstate. They tie
spatial patterns to the underlying space–time pro-
cesses. This is also completely new for population
genetic theoretical models, and it is possible to
exploit the STARMA theorems developed in the
1970s and 1980s (for example, Cliff and Ord,
1975; Ord, 1979; Taneja and Aroian, 1980;
Aroian, 1985). These results constitute the first
complete correlation description of dynamic
(space–time) migration–genetic drift systems, and
there are a number of important uses of this.

It is possible to obtain the spatial correlations
for complex migration patterns in the realistic
case where systems of populations are distributed
essentially over two-dimensional space. Some ex-
amples of spatial correlations for models without
shared stochastic inputs are shown in Figs. 1 and
2 for strictly nearest-neighbor migration cases in
one dimensions, and where migration is isotropic
(i.e. both nearest neighbors contribute equal num-
bers of migrants), and both nonzero f values are
equal. Typically, there are very high correlations
(i.e. high genetic similarity) among near neigh-
bors, and the correlations drop off as the distance
between populations increases. Greater interac-
tion (migration) rates result in higher correlations
and lower variances. Only in the case where the
‘recall’ or control rate (the ‘outside systematic
pressure’) is very large can the correlations be
small.

The STAR or STARMA inversion methods
also allow computations of spatial correlations
specifically in terms of spatial lags rather than
Euclidian distances. For example, in strict
nearest-neighbor migration models in two dimen-
sions, anisotropic migration rates can produce
dimensional directionalities in the spatial correla-
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tions (see, for example, Table 1). Although the
correlations are the same for mirror images, there
can be large differences for the same absolute size
lag in different dimensions. Precisely this kind of
directionality in genetic spatial correlations have
been observed by Sokal (1988), Sokal et al. (1989)
Sokal in European populations, and this is consis-
tent with archaeological artifacts that indicate

several directional waves of migration from the
southeast.

Tables 1 and 2 present some of the first space–
time correlations calculated for geographical ge-
netic models (for others, see Epperson, 1993a,b).
Naturally, anisotropic migration results in direc-
tionalities within dimensions as well as between
dimensions. Space–time correlations provide even
more powerful distinctions created by anisotropic
or directional interactions, with as little as a five-
period time lag (Table 1).

As an example of the general models with
shared stochastic inputs, consider the case of the
strict stepping stone population genetic model
with one spatial dimension:

zx,t= %
b=1

b= −1

fbzx+b,t−1+f−1cx−1,t−1

+f1cx+1,t−1+ax,t (26)

In general, s c
2 and sa

2 may depend, respectively,
on the amount of shared and unshared stochastic
migration effects, respectively, and sa

2 also de-
pends on the drift variance. The moving average
coefficients for the separate (partial) infinite
STMA process for the ax,t, i.e. cn,k

(a) , are those of
the corresponding STAR model with the same
migration pattern, whose coefficients can be
found using simple iterative computations (Epper-
son, 1993a). We have the equations cn,k

(c) =cn,k
(a) −

f0cn,k−1
(a) and cn,k

(c) =f1cn+1,k−1
(a) +f−1cn−1,k−1

(a) .
It is worth noting that the second expression also
implies that all cn,k

(c) , and hence all p1,m
(c) , are non-

negative, and that shared stochastic migration
effects always increase the overall variance of z in
mixed systems. All cn,0

(c) =0 and c0,1
(c) =0, c1,1

(c) =
f−1, and c−1,1

(c) =f1, etc. In general, values of
cn,k

(c)�cn,k
(a) . The variance ratios (s z

(c)2/s c
2) and cor-

relations (p1,m
(c) ) for the separate process, {cx,t} can

be calculated directly from the cn,k
(c) using Eqs.

(19) and (20) (theorem 4.9 of Aroian, 1985), for
several different sets of parameter values. Table 2
shows the spatial and space–time correlations for
a typical case.

The spatial correlations (pb,0
(c) ) for a specific case

for the separate process generated by {cx,t} only,
for several sets of parameter values, are shown in
Figs. 1 and 2 and spatial correlations for STAR

Fig. 1. Spatial correlations (pb,0) between populations sepa-
rated by b spatial lags for several one-dimensional stepping-
stone models with outside systematic force m�=0.01 and
with isotropic migration rates f−1=f1=0.01, from nearest
neighbors. One model (
) has no shared stochastic migration
effects (STAR). The other two have positive (") and negative
shared stochastic migration effects (�), respectively.

Fig. 2. Spatial correlations (pb,0) for the models in Fig. 1,
except that f−1=f1=0.1.
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Table 1
Spatial correlations, pb,a,0, and space–time correlations for temporal lag five, pb,a,5, for a two-dimensional case with m�=0.01,
m−1,0=0.02, m1,0=0.01, m0,−1=0.01, and m0,1=0.06.

p3,a,0 p2,a,0 p1,a,0 p0,a,0 p−1,a,0p4,a,0 p−2,a,0 p−3,a,0 p−4,a,0

0.01 0.02 0.05pb,−3,0 0.080.00 0.05 0.02 0.01 0.00
0.02 0.04pb,−2,0 0.100.01 0.18 0.10 0.04 0.02 0.01
0.02 0.07 0.18 0.410.01 0.18pb,−1,0 0.07 0.02 0.01
0.03 0.08 0.26 1.00pb, 0,0 0.260.01 0.08 0.03 0.01
0.02 0.07 0.18 0.410.01 0.18pb, 1,0 0.07 0.02 0.01
0.02 0.04 0.10 0.18pb, 2,0 0.100.01 0.04 0.02 0.01
0.01 0.02 0.05 0.08 0.050.00 0.02pb, 3,0 0.01 0.00

p3,a,5 p2,a,5 p1,a,5 p0,a,5 p−1,a,5 p−2,a,5p4,a,5 p−3,a,5 p−4,a,5

0.01 0.03 0.06pb,−3,5 0.100.00 0.06 0.03 0.01 0.00
0.02 0.05 0.12pb,−2,5 0.220.01 0.11 0.04 0.02 0.01
0.03 0.07 0.20 0.460.01 0.19pb,−1,5 0.07 0.02 0.01
0.03 0.09 0.26 0.70pb, 0,5 0.230.01 0.08 0.03 0.01
0.02 0.07 0.17 0.320.01 0.15pb, 1,5 0.06 0.02 0.01

0.01pb, 2,5 0.02 0.04 0.09 0.14 0.08 0.04 0.01 0.01
0.01 0.02 0.04 0.06 0.04 0.02 0.010.00 0.00pb, 3,5

Table 2
Spatial, pa,0, and space–time, pa,n, correlations for various generation lags, n, for the shared stochastic input components of a
one-dimensional STARMA case with m�=0.01, m−1 =0.0405 and m1=0.0814.

p4,n p3,n p2,n p1,n p0,n p−1,np5,n p−2,nLag p−3,n p−4,n p−5,n

0.29 0.44 0.670 0.760.19 1.00 0.76 0.67 0.44 0.29 0.19
0.28 0.43 0.65 0.75 0.960.18 0.771 0.66 0.45 0.29 0.19

0.182 0.28 0.42 0.63 0.75 0.93 0.77 0.66 0.45 0.30 0.19
0.27 0.42 0.61 0.74 0.90 0.77 0.65 0.46 0.303 0.200.18
0.27 0.41 0.59 0.73 0.870.17 0.774 0.65 0.46 0.31 0.20
0.26 0.40 0.58 0.71 0.855 0.760.17 0.64 0.47 0.31 0.20
0.24 0.36 0.51 0.65 0.750.16 0.7210 0.62 0.48 0.33 0.22

0.1320 0.20 0.29 0.41 0.52 0.61 0.62 0.57 0.47 0.36 0.25

processes (pb,0
(a) in the present context) with the

same parameter values are included for compari-
son. In every case examined, pb,0

(c)\pb,0
(a), at least

for the small values of b included in the compari-
sons. Thus, it appears that the addition of shared
stochastic migration generally tends to increase
spatial correlations in systems with one spatial
dimension. Note that the relative ranking can
vary over distance classes. Notice that when mi-
gration rates are very small, the spatial correla-

tions are not a strictly monotonically decreasing
function of distance. Clearly, the autocorrelation
curve is not exponentially decreasing as some
geographers have claimed it should be the general
rule, and the same is true for two-dimensional
cases (Epperson, 1993b, 1994).

Another important feature is that s z
(a)2 increases

as migration rates increase, opposite to the effects
of migration rates in the STAR models. These
results hold as long as the relative values of the
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shared effects are the same as those for the migra-
tion rates, and we can use these results for partial
processes to form mixed process simply by adjust-
ing the values of s c

2 and sa
2. In some cases, it is

possible to estimate various effects from genetic
data.

Similar results are observed for the strict step-
ping-stone migration model with two spatial di-
mensions. The developments follow those for the
one-dimensional models. Figs. 1 and 2 show, for
the one-dimensional case, the correlations for the
STAR (or unshared effects only) models and for
the completely shared partial processes. The latter
are much greater that the former. For models
with two spatial dimensions, the increases are
even greater than those observed for the one-di-
mension models. This is due to the fact that cx,t is
shared by the four nearest neighbors (which them-
selves are diagonal neighbors) of x, but not by x.
For a thorough discussion of transitions among
neighborhoods related to neighborhood configu-
ration see Childress et al. (1996). Nonetheless, the
results make it clear that stochastic migration can
cause striking deviations from the paradigm of
monotonic decrease for short distances (Epper-
son, 1994).

The case of the strict stepping-stone genetic
model with one spatial dimension is unique in
allowing a straightforward STARMA interpreta-
tion of negative correlations between migrant
groups from the same source, which could result
from various types of fission events. The process
can be viewed as a partial process like the case for
(positively) shared stochastic migration effects. To
avoid confusion, we use dx,t instead of cx,t :

zx,t= %
b=1

b= −1

fbzx+b,t−1−f−1dx−1,t−1

+f1dx+1,t−1+ax,t (27)

Eq. (26) is modified:

zx,t=F−1(Bx,Bt)(−f−1BxBt+f1Bx
−1Bt)dx,t

+F−1(Bx,Bt)ax,t

Thus, there are two separate sets of the moving
average coefficients, one for the separate (partial)
infinite STMA process for the ax,t, i.e. cn,k

(a) , which
are those of the corresponding STAR process

with the same migration pattern, and a second set
for the dx,t, i.e. cn,k

(d) , for the fission stochastic
inputs. Regarding the MA coefficients for dx,t,
note that all cn,0

(d) =0 and c0,1
(d) =0, c1,1

(d) = −f−1,
and c−1,1

(d) =f1. It can also be shown that cn,k
(d) =

f1cn+1,k−1
(a) −f−1cn−1,k−1

(a) . The cn,k
(d) , and hence

p1,m
(d) , may be negative. One type of fission process

is where f−1=f1, and here the negative effects
are shared equally. We note that the change of
sign for f−1 rather than for f1 is arbitrary since
stochastic inputs can be either negative or posi-
tive. The partial process cn,k

(d) can produce some
very different types of MA coefficients. In the
isotropic case, the shock at a location has no
indirect or direct effect on future populations at
the same location (i.e. all c0,k

(d) are zero).
The spatial and space–time correlations exhibit

striking contrasts to other processes. Typical spa-
tial correlograms are shown in Figs. 1 and 2. The
correlations start positive, but are highly negative
at distance class two, and slowly rise back up
toward zero in an apparent asymptotic approach.
It may be unrealistic for all of the stochastic
events to be completely negatively shared, as in
the partial process. However, this process, even as
part of more complex mixed process, could still
cause negative correlations at some spatial lags,
depending on the relative sizes of s z

(d)2, s z
(c)2, and

s z
(a)2.
In mixed processes, the relative weightings of

the correlations of the partial processes can be
derived from the degree of kinship in sample
groups. For isotropic strict stepping-stone migra-
tion in one spatial dimension:

s c
2=

1+ (2f1N−1)k
16f1N

(28)

where k is the correlation among members of an
emigrant group (Rogers, 1987). When N is large,
s c

2=k/8. For sake of discussion, let us assume the
kinship among survivors of genetic drift is moder-
ate (thus, k in these groups must be very small for
large N), and drift is effectively random, i.e. sa

2=
1/8. If unshared effects are added to represent
sampling of migrants from emigrants, then s c

2�
sa%

2 , because sa%
2 = (1+2f1)/8N.

The variances of gene frequencies can be com-
puted as ratios, s z

(c)2/s c
2 or s z

(a%)2/sa%
2 . Consider the
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ratio of these two variances (s z
(c)2/s c

2)/(s z
(a%)2/sa%

2 )=
Vr. The ratio of the weights s z

(c)2/s z
(a%)2 can be

obtained by multiplying Vr by s c
2/sa%

2 , which is
roughly Nk if k is not too small and is 1/2f1 if
k=0. Thus, modest kin-structure in emigrants
causes shared stochastic migration to have greater
effect than unshared inputs, when Nk is greater
than the ratio Vr. In this case, the correlations will
be more like those for the shared partial process.
The value of k can approach 1.0 in cases where
the emigrant group has small size, and in most
cases, even when population sizes, N, are rela-
tively small, the shared stochastic migration ef-
fects will dominate (Epperson, 1994). Generally,
shared effects contribute little when k=0; how-
ever, they can make a substantial contribution
when f1 is in the range of 0.1, even when k=0.

4. Statistical uses of STARMA models

STARMA models also form a sophisticated
framework for well-defined statistical analyses, in
addition to completely describing theoretical sys-
tems. STARMA models can also be used as statis-
tical models for analyzing structures in real
systems of populations. For example, we can take
observed gene frequency or DNA data from dif-
ferent populations from two time periods, and
estimate the spatial and space–time correlations.
Then we substitute the estimated spatial and
space–time correlations, into the Yule–Walker-
type equations (Epperson, 1993a):

pb,n=%
m

fmpb+m,n−1 (29)

(except for n=0, b=0). In general, the summa-
tion is taken over all spatial lags m that exchange
migrants, including m=0. In addition, the vari-
ance is given by:

s z
2=sa

2�1−%
b

fbpb,1
�−1

(30)

With such a set of linear equations for the esti-
mated space–time correlations, we can estimate
all of the parameters, i.e. the migration rates (in
terms of proportions) and the strengths of system-
atic forces such as selection. From the equation

for the variance, we can also estimate the effective
population size of populations, N. Alternatively,
for allele frequency data per se, we can simply
replace the stochastic variables zx,t in Eq. (1) with
observed values, Zx,t, and estimate all parameters
using well-developed procedures such as least-
squares estimator methods derived for STARMA
models (Pfeifer and Deutsch, 1980a), or maximum
likelihood (Larrimore, 1977).

More generally, we can use STARMA proce-
dures to obtain many statistical objectives previ-
ously unavailable in population genetic analysis,
for either DNA or allele frequency data, in a
four-step process.
1. Identification of the limits to migration dis-

tances in the process underlying a real system
of populations. From the estimates for the
spatial and space–time correlations, we can
estimate (Pfeifer and Deutsch, 1980a) the par-
tial space–time correlation function, which
can be defined as the correlation between two
populations separated in time and space, con-
ditioned on all spatially and temporally ‘inter-
mediate’ populations. Most importantly, the
spatial lag at which the partial space–time
function cuts to zero identifies the maximum
distance that migration occurs, or an estimate
thereof if based on data. The temporal lag
cut-off is at the maximum temporal lag in the
system (e.g. it equals one in a Markovian
system), which will indicate if overlapping gen-
erations is important. Similarly, the distance at
which the original space–time correlation
function truncates will indicate how important
stochastic migration is.

2. Estimators of migration rates and other
parameters. As already noted, now knowing
the appropriate model and number of parame-
ters to place in Eq. (1) or Eqs. (29) and (30),
we can obtain estimates of the migration
parameters, amount of shared stochastic mi-
gration effects, time-delay effects, and effective
population size, using well-characterized
procedures.

3. Model testing. We can test the goodness of fit
of the data to our model, using standard least-
squares (for example, Pfeifer and Deutsch,
1980a; Upton and Fingleton, 1985), based on
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either Eqs. (29) and (30) (for molecular data),
or Eq. (1) substituted with observed allele
frequency data.

4. Forecasting. After the first three steps, and
using the fitted model and the most recent
generation(s) (one only present generation if
Markovian) of data, we can project or forecast
the expected values for future generations.

We are presently developing a computer soft-
ware package to carry out all of these steps for a
very broad set of STARMA models. The program
is general and can be applied to many ecological
variables, but it also allows specific analyses for
population genetic models.

5. Discussion and conclusions

STARMA models fit a wide range of ecological
conditions. They can be used both for statistical
analysis of ecological data, and for modelling
theoretical processes. These aims can be achieved
whenever locations are or can be treated as dis-
crete and where time is also discrete. It is impor-
tant to distinguish the statistical aspects from the
theoretical.

5.1. STARMA statistical models

Vast amounts of spatial data are being collected
as spatially discrete data. For example, satellite
images are collected, stored and analyzed as (dis-
crete) pixels. Moreover, considerable space–time
data are being accumulated as satellites and other
image collecting mechanisms repeatedly scan ar-
eas, and this data is usually essentially discrete
time data. While cartographic procedures are well
developed in geographic information systems
(GIS), spatial and space–time modelling and
statistical analyses in GIS has lagged. STARMA
models can be directly applied to such data.

STARMA models can be applied to data for
two time periods, and the four-step procedure
utilized (using the variance, spatial and space–
time correlations and partial correlations) in order
to: identify the spatial bounds of the ‘determinis-
tic’ (expected or regressors), and unshared and
shared stochastic interactions among locations

over one time period; to estimate the strengths of
these various interactions; test for model fit; and
forecast the system. It is paramount to utilize the
space–time structure. In contrast, purely spatial
models imply the usually unrealistic assumption
that spatial interactions are instantaneous. More-
over, in the rare ecological situation where inter-
actions are instantaneous, it is generally not
straightforward to specify the possible forms of
spatial interactions (Haining, 1977, 1978, 1979).
Moreover, when process interactions are not in-
stantaneous, purely spatial interaction models are
purely descriptive, and do not lead to insights
about the underlying process in space and time. In
other words, purely spatial models allow little
insight in the interpretation of how small-scale
interactions develop larger scale spatial patterns.
Finally, space–time models can be applied repeat-
edly to pairs of time periods, in order to test for
changes in the interaction parameters. Moreover,
STARMA type models can incorporate mean
changes or systemic trends, as well as seasonal
trends (STARIMA; for example, Bennett, 1979).
Thus, STARMA is a very general statistical
model, for discrete time–discrete space data, per-
haps unique in that it both properly accounts for
spatial autocorrelation in statistical characteriza-
tions of spatial patterns and ties spatial patterns
to the underlying space–time process.

The interaction terms measured for different
time periods may be, as a linear model, directly
associated with many types of ecological process
interactions. Ecological processes that can be
modeled using STARMA include common pro-
cesses where the variable is abundance and there
are density interactions. In many cases, rates of
spread are directly proportional to the incidences
(an ecological variable) (Haggett et al., 1977 Cor-
mack and Ord, 1979; Weidlich and Hagg, 1986).
For example, disease spread is sometimes primar-
ily density dependent (Antonovics, 1994). This
condition meets the most limiting feature of
STARMA models, namely that the ecological
variables at different locations must have linear
interactions. In processes where there are density
interactions, the interactions may often be ap-
proximately linear. In many cases, the diffusion or
rates of spread are directly proportional to the
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incidences (which would be the ecological vari-
able) (Haggett et al., 1977 Cormack and Ord,
1979): thus, STARMA would be a valid space–
time model. Moreover, even in cases where the
interactions are much more complex than a single
parameter, comparisons of STARMA interaction
terms measured for different time periods may
provide considerable information on the more
complex dynamics. In other words, these terms
would provide an emergent property that is an
outcome of perhaps several parameters. This is an
open area for future research.

Nonetheless, it is important to point out that
the necessity of linearity is a major limitation with
STARMA approaches. There are likely to be
many interactions among ecological variables that
are not linear. One alternative for nonlinear mod-
els is wavelet analysis, which has been receiving a
lot of interest (see, for example, Li and Loehle,
1995).

In the specific case of population genetics,
STARMA models can utilize either DNA data or
allele frequencies to completely describe a real
system of populations in a four-step process: (1)
identification of migration patterns; (2) estimation
of migration rates; (3) tests of goodness of fit; and
(4) forecasting. For example, it was shown that
STAR models express spatial correlations in
terms of the spatial lags in each spatial dimension.
Thus, it is possible to characterize differences in
correlations among dimensions (‘dimensional di-
rectionality’; Epperson, 1993a), which can arise,
for example, from directionalities or anisotropies
in migration rates or patterns. Such directionali-
ties were evident, for example, in spatial genetic
data on European populations (Sokal et al.,
1989), and they provided evidence, which is con-
sistent with artifact evidence, of several direc-
tional waves of migrations from the southeast.
Genetic data are particularly powerful because
multiple genetic loci can be studied, which pro-
vides independent data on the same demographic
processes. The power of STARMA models poses
a number of advances in the analysis and inter-
pretation of geographic distributions of DNA
data, over and above the traditional methods.

5.2. STARMA theoretical models

For models of short-term dynamics, STARMA
models are readily utilized. Thus, the theoretical
space–time structures can be obtained. Naturally,
such models can be very complex. However, rela-
tively simple models in some cases capture the
essential features and can then lead to insightful
analytic expressions. For example, a model that
has interactions (over one time period increment)
only between nearest-neighbor sites may essen-
tially fit many ecological processes. Then various
methods of analyzing the Fourier transform can
lead to relatively simple analytic results. Many
features can be included in the spatial time series
framework, including: complex interaction pat-
terns; deterministic (expected or regression trend)
influences; shared and unshared stochastic inputs;
time-lagged interactions; and systemic and sea-
sonal trends. Moreover, it is possible to extend
STAR and STARMA to models with additional
linearized coefficients, (STARR and STAR-
MAR), which represent effects that depend on the
location of a site. For example, we can include a
number of spatial distributions of various aspects
of the environmental values of populations. An
important special case is unidirectional environ-
mental clines in systems with two spatial dimen-
sions. STARR and STARMAR models properly
separate effects of migration patterns and genetic
drift from environment by ecological variable
cross-correlations, as well as the ecological vari-
able correlations themselves.

Stationary distributions are of special interest
and, in many cases, it is possible to obtain ana-
lytic results independent of initial conditions. In
general, simple analytic results can be derived if
the rates of interactions are fixed or changing
regularly (e.g. cyclical). This may approximate
many ecological processes, or some transforma-
tion of the process. We examined some restrictive
(sufficient but not necessary) conditions for sta-
tionarity. Various other forms of conditions have
been derived (for example, Pfeifer and Deutsch,
1980b). It is expected that many, but not all,
ecological processes may obtain stationary distri-
butions in theoretical models.
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STARMA theoretical models have greatly ex-
panded models of population genetics. Population
genetic variation can serve as ‘markers’ or indica-
tors of historical and demographic events. STAR
processes model a completely general range of
patterns and rates of migration; in fact, they
include nearly all migration models, as well as
many previously unstudied processes (Epperson,
1993a,b). For example, STAR can include migra-
tional interactions that have delayed effects,
which occur in humans and other populations
with overlapping generations. Moreover, the
space–time correlations (in addition to the spatial
correlations and the variance) are analyzable us-
ing the STAR approach (Epperson, 1993a,b), and
this is completely new to population genetics.
Spatial correlations are defined as the correlations
between populations in the same generation, but
separated by a given spatial distance or set of lags
in each spatial dimension. Space–time correla-
tions are those between populations separated in
time as well as space. It is difficult to overstate the
importance of the space–time correlations.
Space–time correlations connect observed spatial
correlations to the parameters of the underlying
space–time process. It is also possible to analyze
trends in theoretical systems. For example, the
number of spatial dimensions that a population
exists in has marked effects on the correlation
function (Epperson, 1993a). In two-dimensional
systems, the correlation function on distance is
not always monotonically, let alone exponentially,
decreasing. Geographers have suggested that vir-
tually all geographically distributed variables
should be exponentially decreasing. Other exam-
ples include the first characterizations of the theo-
retical effects of anisotropy in migration rates,
which can create directionalities in the spatial
correlations (Epperson, 1993a), that have been
observed in human populations (Epperson, 1993a;
Epperson,, 1993b). The effects of time-delayed
migrational interactions can be investigated.

Modified STAR theoretical processes known as
the space–time autoregressive moving average
(STARMA) include a wide range of previously
unstudied ‘stochastic migration’ effects (stochastic
changes caused by sampling of individuals into
migrant groups), which are important factors

needed to mimic what occurs in many real sys-
tems (e.g. where adults migrate), and which main-
tain the general range of migration patterns and
statistical analogues (Epperson, 1994). There are
two fundamental classes, distinguished by whether
or not the stochastic migration effects are directly
shared. Unshared effects do not affect the spatial
or space–time correlations, but they do affect the
variance (Epperson, 1993b, 1994), and thus can
create serious and previously uncharacterized bi-
ases in popular measures of migrations rates
based on the spatial variance. Under some condi-
tions, shared stochastic migration effects can also
cause changes in spatial and space–time correla-
tions (Epperson, 1994). Although many theoreti-
cal aspects of population genetics STAR and
STARMA in have been explored using STARMA
(Epperson, 1993b), many others remain
uncharacterized.
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